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Short-Time Kinetic Equations
for Hard Spheres:
Comparison with Other Theories
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The short-time " kinetic equation for hard spheres derived by Lebowitz,
Percus, and Sykes is compared with the Enskog equation. It is shown that,
to leading order in the density, the short-time equation and the Enskog
equation are identical and equivalent to the memory function equation used
by Mazenko, Wei, and Yip. By using simple properties of the collision
integrals, the scattering function calculated from the short-time equation
can be related to the scattering function obtained from the Enskog equation:
This relationship is exact for all values of the density. We examine the
relationship in the short-time limit and in the hydrodynamic limit and argue
that the short-time kinetic equation gives a better description of the scattering
function than does the Enskog equation.
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1. INTRODUCTION

The van Hove time-dependent self-distribution and total distribution
functions G,(r, t) and G(r, ?) play a central role in the theories of liquids and
gases. The Fourier transforms of these functions S(k, w) and S(k, w) can be
measured for different fluids by neutron scattering experiments and cal-
culated directly for different interaction potentials by molecular dynamics.
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Thus, there is an ever-growing body of data which needs to be understood
and which at the same time can be used to test existing theories. The theories
are usually based on either the solution of a kinetic equation such as the
Boltzmann equation, which is the method pioneered by Nelkin and co-
workers,® or the calculation of memory functions, which were introduced
by Zwanzig!®® and Mori.® Although these methods and approximations are
in many cases very different, they often lead to similar results.’® Instead of
comparing each theory with cither the experimental data or machine
computations, much effort can be saved by first comparing the theories and
then using the best available theory to compare with the data.

In this paper, we compare the short-time kinetic equations derived by
Lebowitz, ef al.®® with other theories. These equations, which, as their name
implies, are exact at short times, are summarized in Section 2. The equations
are different for the self-distribution and total distribution functions and for
continuous and discontinuous potentials. The equation for the self-distri-
bution function for continuous potentials has already been compared with
molecular dynamics calculations by Levesque and Verlet,”’ so here we will
concentrate our attention on the equations for hard spheres. The kinetic
equation traditionally used to describe hard-sphere systems is the Enskog
equation,® which is a modification of the Boltzmann equation. The
limitations of the Enskog equation have recently been discussed by Gross and
Wisnivesky® and an approximate form of it has been solved numerically
by Ranganathan and Nelkin.®® In Section 3, we show that the Enskog
equation can be written in the same form as the short-time kinetic equation,
that is, as a driving term with a Vlasov-type term and a collision integral,
the only difference being in the effective potentials in the Vlasov terms. To
leading order in the density p, the effective potentials are identical and further-
more when the collision integral is also evaluated to leading order in p, the
resulting equation is equivalent to the memory function equation used by
Mazenko et al.V

The scattering functions S(k, w) are discussed in Section 4. By using
simple properties of the collision integral, the scattering function calculated
from the short-time kinetic equation can be related to the scattering function
obtained from the Enskog equation. This relationship is exact for all p and
only involves the effective potentials so that if one of the scattering functions
is known, the other can be calculated directly from it. We examine this
relationship in the short-time limit, which leads to expressions for the sum
rules of S(k, w), and in the hydrodynamic limit. A similar relationship is
derived relating the scattering function obtained from the short-time equation
to the one calculated by Mazenko et al. in the low-density limit. From these
results, we argue that the short-time kinetic equation gives the best description
of the scattering function.
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2. SHORT-TIME KINETIC EQUATIONS

We consider a classical system of N particles in a box at density p. At
t = 0, one particle has a normalized distribution function W(r, v) and the
rest of the particles are in equilibrium. The total one-particle distribution
function is defined by

Flew, ) =N [dry [ dvy o [ dry [ dvp, vy, vws ) (1)

Here, p is a symmetrized ensemble density which is the solution of the
Liouville equation with the initial condition

Wr? 3 .
p(EL 5 Ve s In s Y3 0) = po(Fy, ¥y ooy T, V) Z;l fo((l'z > Vz)) @

where p, is the canonical distribution function and fy(x, v) = phy(v) is the
one-particle equilibrium distribution function. We are interested in the
departure of f(r, v, ¢) from its equilibrium value, which is given by

7, v, t) = f(r,v, 1) — phy(v) f dr, f dvy Wity , vy)

3)
= f dr, f dvgn(r, v, tfry , vo) Wir,, vy)

The last equation can be used to define a conditional distribution function
since 7(r, v, £) is a linear functional of W(r, , ¥y). At t = 0, we have

7(r, v, 0) = f dr, f dvy {8(r — fo) (v — vy)
+ pho() g(x, xo) — 1]} Wiy, ¥o) 4)

where g(r,ry) = g(lr —r,|) is the radial distribution function. For the
particular choice

Wir, v) = 8(r) hy(v), f dr f v W, v) = 1 )

and the van Hove total distribution function is given by
G, 1) = [ dvy(r,v, 1) ©)
Similar definitions can be made for the self-distribution function f(r, v, 1)

from which G(r, £) can be calculated. The results will be summarized below
and the reader is referred to Ref. 6 for further details.
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The method used to derive the short-time kinetic equations in Ref. 6
can be described very simply. We define an operator O(¢) such that

7(2) = O(z) n(0) ™
Then the time derivative of %(¢) can be written as
i(t) = O() n(0) = O() 07t) n(®) ®

The first-order equations are obtained by evaluating O(z) O~X¢) at ¢ = 0.
Second-order equations can also be derived but the details will not be
repeated here.

The short-time kinetic equations for the Fourier-Laplace transform
Fi(k, v, s) of the self-distribution function f,(r, v, #) are of the form®

(s —ik - v)fs(k: v, s) = fy(k, v, 0) + gs(ka 5) Is(fs(ka v, 5)) ®

where the coefficients £,(k, s) and the collision integrals /, are given in Table 1.
The first-order equation for continuous potentials leads to the ideal gas
equation. The second-order equation gives the Fokker-Planck equation
with a frequency-dependent friction coefficient which can be related to the
velocity autocorrelation function.® This equation has been compared with
machine calculations by Levesque and Verlet.? For hard spheres we obtain a
linearized Boltzmann equation with a factor g(e), which is the radial distri-
bution function for a system of hard spheres of diameter ¢ at contact.

The equations for the Fourier—Laplace transform 4j(k, v, s) of the total
distribution can be written as‘®

(s —ik Wk, v,s) = nk,v,0) -+ k) v - Qk, 5)
+ £k, 8) I(7(k, V, 5)) (10

where Q(k, s) is a Vlasov-type term. The functions Q(k, s) and £(k, s) and the
collision integral I are given in Table II. The equation from the first line of
Table II is the Vlasov equation with an effective potential —BC(r), where C(r)

Table I. Self-Distribution Function

£k, 5) I
Continuous potential
First order — 0
Second order IIA(s) Fokker—Planck

Hard spheres: first order pgla) Linearized Boltzmann
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Table . Total Distribution Function

Qx, 5) £k, 5) I
Continuous potential
First order —kpC(h)iik, s) — 0
Second order —kpClk)ni(k, s) IA(s) Fokker—Planck

+ Nk, 5) -1k, 5)
Hard spheres: first order —kp[C(k) — g(a)Co(k) ik, 5) pgla) Linearized Enskog

is the direct correlation function. This equation has beenderived many times by
many methods.® The next equation has a Vlasov term which depends on
the density 7k, s) = [dv#(k, v, s) and the current j(k, s) = [ dv vij(k, v, s).
In Ref. 6, the tensor A had the form

Ak, 5) = a(s) {AK)Kk/E?) + BER)[l — (kk/k*)]} (1D

where A4 and B were determined by sum rules and #{s) was unspecified apart
from requiring #(s} = 1/s - -~ as s — 0. A similar equation was derived
by Akcasu and Duderstadt'®® using a memory function approach, the only
difference being that #(s) was replaced by 1/[s + «(k)]. The last equation
of Table II is the short-time kinetic equation for hard spheres and this will
be discussed in detail in the rest of the paper.

3. COMPARISON OF THEORIES FOR HARD SPHERES

The short-time kinetic equation for the total distribution function for a
system of hard spheres is Eq. (10) with the coefficients Q(k, 5) and £(k, s)
given in the last line of Table II. Cy(k) is the direct correlation function at
zero density, that is,

Co(k) = —(dna’[k) jy(ka) (12)

where j, is a Bessel function. The collision integral 7 is ©
167k, v, $) = [ dvo B, 51V, ) 7K, ¥y, 9)
— a2 f dv, f A% (Vg — Vy) » el (Vg — ¥7) - %)
X k() Gk, vi', §) — hy(v,) ik, ¥y, )
+ hovyHexp(—iak - ®)] 7k, v, 5)

— ho(v)[expliak - ﬁ)l 7k, vy, 5)} (13)
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where
vy = v+ #[(¥, — V) - %], and vy =V, — #[(v, — vy) » %] (14)

It is convenient for reasons which will become apparent in Section 4 to
introduce a new collision operator B which is defined by

f dvl) B(ka § | V, vo) ﬁ(k’ vD s S)

= ihy(v) v - KCy(k) J avy (K, vo , 5)
+ [ dvo Bk, 51 v, v) ik, Vo, 5) (1s)

Then the kinetic equation can be written as

(S — ik - V) ﬁ(ks v, S) = 1](](, v, 0)
— iho(®) v - kpV (k) 7k, 5)

+ &0 [ dvy B, s [ v, v ik, vo,5)  (16)

where

Vik) = Clk);  &(k) = pgl@) a7n

3.1. The Enskog Equation
We now show that the Enskog equation also leads to Eq. (16) but with
a different effective potential V(k).
The Enskog equation is®
O vy, )+ ¥y S fle, vy, 1) = I , 18
"é? rsvl’)_rvl'gl—.fr,vls = E(ravla) ( )
where
Is(e, vy, 1) = @2 [ dvy [ did (v — v)) - ey, — ) - 3
X [x(r 4 $an) fx, v’ ) f(x + ax, v5', 1)
- X(l' - %aﬁ)f(r’ Vi, t)f(l‘ - aﬁa \FE t)]
Here, v," and v,’ are given in Eq. (14) and

ex) =0 for x <0

=1 for 0<x (19)
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We now put

f@, v, 1) = phy(v) + 7(x, v, 1)

and keep only those terms which are linear in the displacement from equi-
librium %(x, v, £). For the function x(r), we follow the method of Gross and
Wisnivesky® and take it to be the radial distribution function at contact
at the density

plr, 1) = f IV, 1) =p+ f dv y(r, v, t) (20)
Then

X®) = 2@l pir0 = 8@) + [dg@/dp] [ dv (e, v, 1) + O®)  (21)
where g(a) is at the equilibrium density p. The linearized equation is
"2%7)(1”,"1af)+ vl--g}n(r,vl,t)
= @ dfi—;“) hy(vy) f v, f A5 (v, — Vy) - Re{(Vy — V1) + %}
X ho(v) [ dv [n(x + as, v, 1) — nx — 4%, v, 1)]
+ patg(a) f dv, f a5 (v — V) - Rel(vy ~ vy » %)
X [he(vg)) n(E, vy’ 1) + ho(vy) n(x + ax, vy, £)

— hy(v3) (x, V1, 1) — ko) n(r — a%, ¥5, 1)) 22

The Fourier-Laplace transform of this equation is the same as Eq. (16) with
the effective potential

V(k) = pldg(a)/dp] $Co(k[2) + gla) Co(k) 23
The equation of state for a system of hard spheres is 9
By = pll + §waipg(a)] (29)

and g(a) is independent of the temperature 7 = 1/kS. Furthermore, the
direct correlation function at £ = Ois given by

1 — pC(0) = (&/2p)(Bp)Ir (25)
so that
C(0) = —#ma’g(a) — §na’pdg(a)/dp (26)

822/8/3-5
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The last equation can be used to eliminate dg(a)/dp from Eq. (23). The final
results for the linearized Enskog equation are

V(k) = [C(0) — g(a) Co(O)][Co(k/2)/Co(0)] + g(a) Cotk) (27
and

(k) = pgla) (28)

3.2. The Memory Function Equation of Mazenko, Wei, and Yip

Mazenko"® has used a thermodynamic Green’s function method to
calculate in the low-density limit the memory function ¢ associated with the
correlation function

S —r,p,p,t—1)
= <[f(l‘, P, t) — <f(l', p; Z‘)>][f(rla pla t,) - <f(l', p,s t,)>]> (29)

where
f,p 1) = 21 8(r — r,()) 8(p — ps() (30)

In the notation of this paper, S can be written as
S —1r,mv,mv', t) = (1/m®) n(x, v, t/r', v') phy(v') (3D

where the conditional distribution % is given by Eq. (3). By multiplying
Mazenko’s equation for S by méW(Q', v')/phy(v’) and integrating over r’
and v, it can be written as a kinetic equation for (r, v, #).

Recently, Mazenko et al."V have evaluated the memory function ¢ for
a classical system of hard spheres, calculated the scattering function S(k, w),
and compared the results with the linearized Boltzmann equation. The
scattering function will be discussed in Section 4; here, we will show that the
equation of Mazenko et al. is also equivalent to Eq. (16).

The Fourier-Laplace transform of the memory function® ¢(k, p, p’, is)
is independent of s and has three parts denoted by ¢'(k, p), ¢{”(k, p, P"),
and ¢57(k, p, p), each part giving a contribution to the kinetic equation for
7i(k, v, s). From ¢(k, p), we get the term

—ihy(v) v * kpC(k) fi(k, 5) (32)

Since the memory function is only valid to leading order in the density,
Mazenko et al. replace C(k) by its zero density limit, that is, Cy(k). The term
$9(%k, p, p’) gives a collision integral which is similar to

f vy Bk, s | v, Vo) (K, Vo » 5)
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Table Ill. Coefficients for the Kinetic Equation (16)

Vik) £k)
Enskog equation [CO) — g(@CHOIC(k/2)/C0}] + g@Cok)  pgla)
Short-time Equation Clk) pgla)
Mazenko et al.*™V Colk) P

but differs from it by a change of sign in one of the exponential factors
exp(iak - #). When the contribution from ¢{“(k, p, p’) is written as the
operator #Z with two correction terms, one of the correction terms exactly
cancels the contribution from ¢{(k, p, p’) and the combination ¢{” + ¢
leads to

p [ dvo B, 51 v, ¥0) 7, o, 5) (33)
The resulting kinetic equation is Eq. (16) with

Vi) = Gk, £k) =p (34)

The results of the three different theories are summarized in Table III.

In the limit p— 0, C(k) > Cy(k) and g(e) - 1. The Enskog and
short-time equations are then identical and furthermore equivalent to the
equation of Mazenko et al. (The latter authors™ also derive an equation for
the self-distribution function which is the same as the third line of Table I
when g(a) is replaced by 1.) In the limit X — 0, C(k) = C(0) + O(k?) and
the Enskog and short-time effective potentials are again identical to order &2.

4. THE SCATTERING FUNCTION

The Fourier-Laplace transform (k, s) of the van Hove function G(r, 1)
is given by

7, 5) = [ dvi(k, v, ) (35)

where 7(k, v, 5) is the solution of a kinetic equation, Eq. (16) in this paper,
with the initial condition

n(k, v, 0) = S(k) hy(v) (36)
and
S(k) = 1/[1 — pC(k)] (37
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The coherent scattering function S(k, ) is then defined by
Sk, w) = (1/m) Re z(k, iw)

Although the kinetic equations for hard spheres discussed in Section 3
cannot be solved analytically, we can obtain some information about F(k, s5)
by using the methods of Ref, 6, Section VIIL. In writing the kinetic equation
(16), we have chosen the collision integral B so that

f dv Bk, s|v,v) = 0 (38)
and
B(k, 5| v, V) hy(v") = B(k, 5| V', v) hy(v) (39)

If we now introduce a Green’s function G, which is the solution of the
equation

(s — ik . V) Go(k, 5|V, ¥) = 8(v — V) (40)

+ €00 [ dw Blk, 5| v, W) Goll, s | w, )
then from (38) and (39), G, satisfies the conditions

ik f dvvGoyk, s | v, V) = Sf v Go(k, s | v, V') — 1 (41)

and

Go(k, 5[ v, V') ho(v') = Go(k, 5[ V', ¥) hof®) “2)

These are just the conditions for the method of Ref. 6 to apply, so we quote
the final result

[ - pVE] 50 5) _ , -
T T s — | @ [ Gl s i) )
= Ok, s | £(k) 43)

where
ok, s) = x(k, s)/S(k) (44)

The right side of Eq. (43) is obtained from the solution of Eq. (40) and so
only depends on £(k) and not on ¥(k). By making appropriate choices for
V(k) and £(k), we can use the above equations to relate the scattering function
derived from the shori-time equation with those from the Enskog and memory
function equations.
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4.1. Short-Time and Enskog Results

For the short-time equation, we have

[l — pCR)] 6k, 5) _
T spCl) 5k.s) — 2051 pe(@) (45)

and for the Enskog equation

[1— pVe()l ek, 5) [
T spV o) Gul, 5) L1 p2(@) (46)

Here, functions without subscripts refer to the short-time expressions and
functions with subscripts E refer to the Enskog expressions: Vg(k) is given
in the first line of Table III. Since the right sides of (45) and (46) are identical,
we find

o [l — pVe()] Gk, )
5k, 5) = T 00 T 3p[CR) = Vool 2K, 5) “7)

Thus, if the scattering function is known for the Enskog equation, then it
can be calculated for the short-time equation and vice versa. Neither of
these functions has in fact been calculated but we can obtain some interesting
results by examining the short-time and hydrodynamic limits.

In the short-time limit, that is, for large values of s,

DR R (48)

=0

where y;(k) denotes the jth sum rule

_ @x(k, 1)
X](k) - dri ot (49)
In particular, v
Xolk) = S(k)
and we expect
X1(k) =0

If we use a similar expression for the Enskog function gg(k, s) with sum rules
x;£(k), then from (47), we find
Xolk) = xo*(k) = S(k)
xak) = (k) = 0 (50)
x2(k) = {[1 — pCE)/[1 — pVEe(]} x2"(k)
xsk) = {1 — pCV/[1 — pV(k)}} x55(k)
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etc. We know from previous work that the first four sum rules (j = 0, 1, 2, 3)
for the short-time equation are exact,'® whereas only the first two (j = 0, 1)
are exact when the Enskog equation is used.® These results are consistent
with (50). Furthermore, we can see that in the limit p — 0 and in the limit
k — 0, the third and fourth Enskog sum rules become exact.

In the hydrodynamic limit, we expect the intermediate scattering
function y(k, ¢) to be given by®®

ok, 1) = X% 0 (51)

= (1 — gV ) expl—(x/pCp) k*t] + % cos(ukt) exp(—IT'k*t)
P P

where

S e

Here, Cy and Cp are the specific heats; u is the velocity of sound; « is the
thermal conductivity; and » and { the coefficients of shear and bulk viscosity.
Then

6k, ) = [s2 + kot (1 — %) + sk + kB|

X [53 4 sk%u? 4 s> (ZF + ng)
+ skiC -+ k*D] - (52)

K

pCr

- k42

where the coefficients 4, B, C, and D are functions of u%, Cy/Cp, (x/pCp),
and I In practice, we start with an approximate kinetic equation
and try to calculate 6(k, s) in the limit s — 0, £k — 0 with s/k constant.
Because the kinetic equation is approximate, the hydrodynamic limit will
not necessarily be (52) with the correct coefficients 4, B, C, and D (see, for
example, Ref. 6, Appendix B). We will take the hydrodynamic limit to be
Eq. (52) but will not specify the coefficients 4, B, C, and D which are asso-
ciated with the higher-order terms in the numerator and denominator.
From Eq. (47), we find that if the Enskog expression has a hydrodynamic
limit of the form of Eq.(52),then so does the short-time result to leading order
and

CP _ CP . 2 . 2. K _ K . —
CV - (CV)E, uh = e pCp - (PCP )E, I‘_FE (53)
so that

m+ =G+ e 62
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4.2. Short-Time and Memory Function Results

For the memory function approach of Mazenko er al.,"" we find from
Eq. (43) for a system at density p,

[1 — pgCylk)] 5ok, s)
1 - SPOOCs;(k) 500(k, sy Dk, S| po) (55)

where
6ok, 5) = Fo(k, )/ So(k) (56)

Here %,(k, 5) is the scattering function calculated from the memory function
equation for a system at density p, and S,(k) is the expansion of S(k) up to
linear order in the density p, , that is,

So(k) = 1 4 poCofk) (57)

where Cy(k) is independent of the density and is defined in Eq. (12). The right
side of Eq. (55) can be made equal to the right side of Eq. (45) by choosing

po = pg(a) (58)
Then

[1 — poColk)] Go(k, )
1 — pC(k) + s[pClk) — poCo(K)] Go(K, $)}

where &(k, 5) and C(k) are at the density p defined by Eq. (58).

As in Section 4.1, we can use Eq. (59) to relate the short-time sum rules
and hydrodynamic limit for a system at density p to the memory function
sum rules and hydrodynamic limit for a system at density p,. Because of
the relationship between p and p,, Eq. (58), the results are not simple and
so will not be written down.

5(k, s) = i (59)

5. CONCLUSION

The scattering function &6(k, s) calculated from the short-time kinetic
equation satisfies the first four sum rules, whereas &(k, s) derived from the
Enskog equation only satisfies the first two sum rules. In the hydrodynamic
limit, the scattering functions are the same to leading order. Therefore, we
conclude that the short-time equation gives the better description of the
scattering function throughout the (k, s) plane. This is confirmed for a one-
dimensional system of hard rods, where the exact solution is known,?
For this system, the short-time equation gives the exact result®® for 6(k, s)
but the Enskog equation is exact only in the hydrodynamic limit.('®
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NOTE ADDED IN PROOF

Since this paper was written, G. F. Mazenko has developed a Fully
Renormalized Kinetic Theory for both the self and total distribution
functions [Phys. Rev. AT:209 and 222 (1973) and preprint.] This theory is
very powerful and to leading order gives the same kinetic equations for a
system of hard spheres as those obtained from the short time method
discussed here. Thus the conclusions of this paper also apply to the recent
work of Mazenko. The kinetic equation for the total distribution function
has also been derived recently by different methods by H. van Beijeren and
M. H. Ernst [Phys. Letters Ad3:367 (1973)] and H. H. U. Konijnendijk
and J. M. J. van Leeuwen [Physica 64:342 (1973)]. The conclusions of these
authors regarding the comparison with the Enskog equation are the same
as ours.
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